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Abstract 
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1 Introduction 



There is a number of motivations for the study of the behaviour of extended objects — here 
we will mainly concentrate on strings — at non-zero temperature T = f3~^ (for a short 
list of references see [1-6]). Perhaps one of the main reasons for these investigations is 
connected with the thermodynamics of the early universe (see [7] and references therein) as 
well as with the attempts to use exented objects for the description of the high temperature 
limit of the confining phase of large-N SU(N) Yang-Mills theory [8,9]. 

It is well known since the early days of dual string models, that an essential ingredient 
of string theory at non-zero temperature is the so-called Hagedorn temperature. The 
appearance of the Hagedorn temperature is a consequence of the fact that the asymptotic 
form of the state level density has an exponential dependence of the mass. A naive 
argument leads to the conclusion that above such a temperature the free energy diverges. 
According to the popular viewpoint, the Hagedorn temperature is the critical temperature 
for a phase transition to some new phase (probably associated with topological strings 
[10]). 

There are different representations (in particular, those connected with different en- 
sembles) for the string free energy. One of these representations [6] — which is very useful 
for formal manipulations — gives a modular-invariant expression for the free energy. How- 
ever, this and all the other well known representations [5] are integral ones, in which the 
Hagedorn temperature appears as the convergence condition in the ultraviolet limit of 
a certain integral. In order to discuss the high- or the low-temperature limits in such 
representations one must expand the integral in terms of a corresponding series. Thus, a 
specific series expansion appears in string theory at non-zero temperature. 

In the present note, making use of the so-called Laurent series representation for the 
one-loop open superstring free energy introduced in refs. [11,12] and of the analytic con- 
tinuation of such series, we discuss the possible appearance of a periodic thermodynamic 
structure valid for any value of (3. Some consideration about the open bosonic string are 
also reported. 
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2 One-loop (super)string free energy at finite tem- 
perature 

It is well-known that the one-loop free energy for the bosonic (b) or fermionic (/) degree 
of freedom in d-dimensional space is given by 

1 f d'^-^k 



where ujk — VW+'m^ and m is the mass for the corresponding degree of freedom. Let 
us recall the Mellin-Barnes representation for the one-loop free energy discussed in field 
theory in ref. [13] (see also [14,15]). Integrating eq. (1) by parts, we obtain 



^''f ^~{d- mid - l)/2) J u;, (e^-^ T 1) ' 



For the factor in the integrand, (^e^^'' ^1^ , we shall use the MeUin transform in the 
following form [13] 



where Re s = c, c > 1, for bosons and c > for fcrmions, (^^^\s) = ((s) is the Riemann- 
Hurwitz zeta function and C^^\s) = (1 - 2^-^) ({s) = E^=i(-1)""^^"', Re s > 0. 
Substituting (3) into (2), we get 

- -(I3\)4j3tp) /^^^^-'siL^ '^^c'-'wrwr-..-'-. (4) 

Performing the integration over k with the help of the Euler beta function B{x,y) = 
r{x)r{y)/r{x + y) (notice that, owing to absolute convergence, the order of integration 
over k and s can be interchanged), we obtain 

J dkH'-'uJl'-^ = im^f'^-^y^B = irn'f'^-s)n^J^£^_^l^ Re^ > d. 

(5) 

Finally, one gets [13] 



F,, = -2-V-^)/^^£jd.r(|)CW(.)rV(i^)(rn^)(^-^^^ c> d. (6) 
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For (super)string theory one can write the representation (6) in the form 

^-bosonic string = -2-^-'--^'^^£r*«^)'f '"'^'i^r (^) 

xTr {M^)^'^-'y\ d = 26 , (7) 

xSTr(M2)('='-^)/2, d^lO . (8) 

Here is the mass operator, the symbol STr means the trace over fermion and boson 
fields. For closed strings the constraint should be introduced via the usual identity [2]. 

For the bosonic strings the mass operator contains both infrared (due to the presence 
of the tachyon in the spectrum) and ultraviolet divergences, while for superstrings it 
contains only ultraviolet divergences. Hence, the consideration of superstrings is much 
simpler from a technical point of view. 

In the following wc shall consider open superstrings. For the open superstring (without 
gauge group) the spectrum is given by (see for example [16]) 

d—2 oo 

M'^2J2J2r^{K^ + NL), d^lO. (9) 

i=l n=l 

The quantity STr(M^)('^~'')/^ which appears in equation (8), requires a regularization 
because a naive definition of it leads to a formal divergent expression, namely at d — 10 
we can write 

STr (M2)5-f = — ^ / dtd-^STre-*^'. (10) 

r(|-5)^ 



As a result we need the heat-kernel expansion for STre~*^^. 
It is known that 



= 811^-7^5;: =8[».(0|e-')]-». (11) 



n=l 



the presence of the factor 8 in eq. (11) is due to the degeneracy of the ground state. 
Recall that the Jacobi's elliptic theta function 84 (0|e~*) when t ^ has the asymptotic 
form 

71^/ 1^2' 



t V 2 



j02{0\e-'/^) = J^ E exp 

^ ^ n=-oo 

^ 2y^e-'^'/(^*)(l + e-2'^'/* + e-«'^'/* + ---), (12) 
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hence 



O4 (0|e-*) 



25-7^4 V ; 



So we can define the regularized supertrace in the following way 



(13) 



STr {M^f-i 



28-S/2 



^4 (0|e-*) 



2%4 



+ 



(14) 



Since the regularization of the integral /q°° dx as the analytical function of A gives 
J^dxx'^ = 0, it turns out that the last integral in eq. (14) is equal to zero. Moreover, 
we have 



dtr^-\'^'l' = dttH^'y^e-"^'' = (-27r2)i-^r (l - , 

and therefore 

STr {M'^f-i 



2-V 



1^-6 



ttT ( 1 - ^ ) Re (-1)^-' + 27r3/2^(s, /x) 



(15) 



(16) 



where 



G{s,^x) = 2'-^/\^^-''>/' J^' dtV^-' I [i^^4 (0|e-'^*)] ' - (e^^/* - 8)| . (17) 

In eq. (17) the infrared cutoff parameter /i has been introduced. Such a regularization 
is necessary for s > 4. On the next stage of our calculations this regularization will be 
removed {/i — > 00). 

For the one-loop free energy we get 



^superstring 



1 pc+ioo 

-(27r)-^i— / ds [<p{s) + i^is) 



where 



^(s) = (l-2-)[Re(-l)t-^]-^C(^)[^' 



■sm Y 



i^is) = (l-2-)(7r)2/^-G(.,/.)r(./2)C(«)(|^)- 



(18) 

(19) 
(20) 



The meromorphic function ip{s) has first order poles at s = 1 and s — 2k, k — 
0, 1,2, . . .. The pole of (p for s = 1 is also of first order but its residue is imaginary. 
The meromorphic function ip{s) has first order poles at s = 1. One can see that the 
regularization cutoff parameter is removed automatically. 
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As a result, we obtain 



-^superstring ~ 2(27r) 



-11 



^(l-2-2^)C(2fc)a;^^-^G(l,oo) 



Lfc=l 



+ Fr{x), (21) 



where x = (3c/ (3 , f3c = ^t: and Ff>{x) is the contribution coming from the contour integral 
along the arc of radius R. If < 1, then the value of the contour integral on the right 
half-plane is vanishing when R ^ oo. Therefore the series converges when (3 > (3^ = 27r, 
Pc being the Hagedorn temperature [1-4] . The sum of the series can be explicitly evaluated 
and the result is 



E(l-2-^)C(2A;)x^'= = ^tan(^), \x\ < 1. 



,nx. 



k=i 



As a consequence, the free energy is given by 



(22) 



-^superstring 2(27r)^i 
Now, observing that 



tan(^)-G(l,oo) 



k=l 

it is easy to show that the free energy for the open bosonic string has the form 



(23) 



(24) 



1 



2y 

y cot(7r|/) - fD{l, fi) + t^-^D^ fi) 

Pc 



■^bosonic string 

Here y = (3c/ (3 and the related Hagedorn temperature is (3c = VStt, 



(25) 



D(s, n) = 27r r dtf'^-^^ Wit) 

Jo L 



^-24 _ ^12g27r/t 



(26) 



and 77(t) = g*"^"^/^^ n^i(l — e^'^'"'^) is Dedekind's eta function. However, in this case, the 
infared cutoff parameter /i cannot be removed (there is a tachion in the spectrum). 

The Laurent series have been obtained in each case for for \x\ < 1 and \y\ < 1, 
respectively, namely for /3 > Pc- However the right hand sides of the above formulas (22) 
and (24) may also be understood as analj^ic continuations of these series to arguments 
\x\ > 1 and \y\ > 1, respectively (i.e. to P < Pc)- As a consequence, we realize that 
we have obtained a periodic structure for the one-loop free energy of the corresponding 
(super)strings. 
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3 Conclusions 



We finish the paper with some remarks. The results we have obtained here are based on 
the MeUin-Barnes representation for the one- loop free energy of the critical (super) strings. 
Such a novel representation for the lowest order in string perturbation theory has allowed 
us to obtain explicit thermodynamic expressions in term of a Laurent series. The critical 
temperature arises in this formalism as the convergence condition (namely, the radius of 
convergence) of these series. Furthermore, an explicit analytic continuation of the free 
energy to temperatures beyond the critical Hagedorn temperature (i.e., to (3 < j3c) has 
been constructed. As a result, there is now the possibility to have the free energy which 
corresponds to new string phases. 

Actually, it is somewhat surprising to see that there exists such a finite temperature 
periodic stucture in the behaviour of (super)string thermodynamical quantities. However, 
we should remember that a similar asymptotic behaviour was obtained in ref . [1] . So there 
is a possibility for a new interpretation of the critical temperature and of the transitions 
associated with this thermodinamical structure. 

In the case of the closed bosonic string — which has not been considered here — these 
transitions may well be connected with the dual /3-symmetry which is present in the 
function Tr exp(— fM^) and hidden in the final form of the free energy. 

The typical widths of the periodic sectors depend on the Regge slope parameter a. The 
widths of the sectors grow together with the parameter a, and in the limit a — > oo (string 
tension goes to zero), the thermodynamic system can be associated with an ideal gas of 
free quantum fields present in the normal modes of the string [2,17]. Of course the precise 
interpretation of "domain" -like structure in quantum (super)string theory obtained in 
this paper is somehow delicate and many questions remain unanswered. 

Finally it should be noticed that higher orders of string perturbation theory do not 
modify the critical temperature, at least for the bosonic string [18]. In consequence, there 
exists the possibility that the periodic structure found above might also be present when 
dealing with a Riemann surface of arbitrary genus. 
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